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Abstract: The eruption of the Hunga Tonga–Hunga Ha’apai volcano on 15 January 2022 was the
first powerful explosive eruption in history to be recorded with high quality by a wide range of
geophysical equipment. The atmospheric Lamb wave caused by the explosion repeatedly circled the
Earth and served as one of the reasons for the formation of tsunami waves. In this paper, the Lamb
wave manifestations are analyzed in the recordings of tsunamimeters, i.e., in data from DONET and
DART pressure sensors located in the area of the Japanese Islands. The work is aimed at studying the
physics of the formation of pressure variations at the ocean floor in order to develop a method for
isolating free gravity waves in records obtained by bottom pressure sensors. Within the framework of
shallow water theory, an analysis of the response of the water layer to the atmospheric Lamb wave
was performed. This response combines a forced perturbation, the amplitude of which depends on
the depth of the ocean, and free gravity waves arising as a result of the restructuring of the forced
perturbation on the submarine slopes. Analytical formulas are given for the amplitude and energy of
the forced perturbation and free waves arising at the depth jump. With the aid of numerical simulation,
the finite length of a slope was revealed to significantly affect the parameters of free waves when
exceeding 50 km. The analysis of in situ data (DONET, DART) confirms the validity of theoretical
concepts presented in the work. In particular, it is shown that variations of bottom pressure in the
deep ocean exceed the amplitude of atmospheric pressure fluctuations in the Lamb wave.

Keywords: Hunga Tonga–Hunga Ha’apai volcano; volcanogenic tsunami; Lamb wave; ocean-bottom
pressure gauge; barograph; shallow water theory

1. Introduction

The powerful explosive eruption of the Hunga Tonga–Hunga Ha’apai volcano, which
occurred in the South Pacific Ocean on 15 January 2022, led to the formation of a Lamb
wave in the atmosphere and tsunami waves in the ocean. The atmospheric wave was clearly
observed from the GOES-17 geostationary satellite [1], its manifestations were in the Earth’s
ionosphere [2], and it was recorded by numerous ground-based barographs [3–7]. Tsunami
waves were observed throughout the Pacific Ocean; according to the Global Historical
Tsunami Database/NOAA (doi:10.7289/V5PN93H7), the maximum water height reached
22 m in the near zone and 1–3 m in the far zone (Chile, Mexico, USA, Japan)—at a distance
of 8–10 thousand km from the volcano.

In the 1960s and 1970s, S.L. Soloviev [8,9] proposed a reliable and convenient method
for recording tsunami waves in the open ocean, which was based on precision measure-
ments of bottom pressure variations. This method is currently widely used both for solving
problems of operational forecasting and for studying the tsunami phenomenon [10–12]. In
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this work, we will use data from two systems well known to specialists to provide in situ
data: DONET (Dense Ocean floor Network system for Earthquakes and Tsunamis) [13,14]
and DART (Deep-ocean Assessment and Reporting of Tsunamis) [15,16]. The signals
recorded by DART stations on 15 January 2022 were analyzed both directly during the
event for the purposes of early tsunami warning, and later—as a unique scientific material—
by many researchers, e.g. [3,17–19]. The records received by the DONET system on
15 January 2022 have also been analyzed in a number of papers [20–23]. Note that the
data on bottom pressure variations obtained by the DONET observatories compare favor-
ably with the DART data by a significantly higher sampling rate (10 Hz).

In addition to DART and DONET, another system of ocean-bottom observatories
S-net (Seafloor Observation Network for Earthquakes and Tsunamis) is deployed near the
Japanese Islands, which includes 150 stations [24]. S-net stations also successfully recorded
manifestations of the explosive eruption on 15 January 2022. S-net records have been
analyzed, for example in [20,25]. In this work, we do not plan to consider S-net data.

One of the few disadvantages of deep-sea tsunami recorders is the noisiness of the signal
due to manifestations of seismic and hydroacoustic waves. During strong tsunamigenic
earthquakes, especially near the tsunami source, the level of these “noises” can exceed the
tsunami signal level by several orders of magnitude [26,27], but when recording seismogenic
tsunamis, the “useful” and “noise” components of bottom pressure variations pertain to
different frequency ranges [11,28,29]. Therefore, it is advisable to use frequency filtering to
isolate the tsunami signal. However, at large distances from the source, the manifestation of
seismic and hydroacoustic waves is recorded much earlier than the tsunami; in such cases,
the tsunami signal is clearly distinguishable, even without frequency filtering, e.g. [30,31].

Atmospheric pressure fluctuations in the Lamb wave are also capable of providing a
kind of “noise” contribution to bottom pressure variations. How can direct manifestations
of the Lamb wave and of free gravity waves (tsunami), generated by this atmospheric wave,
be distinguished in the records of bottom pressure variations? In this case, frequency filter-
ing cannot provide for signal separation, because the period of the Lamb wave observed
on 15 January 2022 (tens of minutes) corresponds to typical periods of tsunami waves.

The problem of tsunami excitation by a Lamb wave in the atmosphere is similar to the
problem of meteotsunami generation [32–35]. The main difference consists of the clearly
defined cylindrically symmetrical structure of the traveling atmospheric perturbation and
in its propagation velocity. In the case of a typical meteorological tsunami excitation, the
Proudman resonance [36], i.e., the proximity of the propagation velocities of an atmospheric
perturbation and of long waves in the ocean, is realized in shallow water. However, if the
source is a Lamb wave traveling at a speed of approximately 300 m/s, then the Proudman
resonance is achieved in the areas of deep-sea trenches.

Over the past year, many papers have been published on the numerical simulation of
tsunami waves caused by the explosion of the volcano on 15 January 2022, e.g. [17–19,25,37].
In these works, in addition to the “traditional” mechanisms of generation of volcanogenic
tsunamis, which are localized directly at the source (underwater explosion, flank failure,
caldera subsidence, pyroclastic flow, etc. [38]), special attention was paid to the formation
of tsunami waves in the ocean by the atmospheric Lamb wave. Note that the first interest
in the process of wave generation in the ocean by an atmospheric wave from a volcano
explosion did not arise in 2022, but much earlier.

The surge of interest was due to the explosive eruption of the Krakatoa volcano in 1883 [39].
An unusual feature of the tsunami waves resulting from this eruption was the early arrival
of the tsunami waves in the far zone, which was ahead of the calculated times. On the
whole, it was clear that perturbations outpacing gravity waves arising at the source can
only be due to the Lamb wave, which, on average, propagates in the atmosphere faster than
long waves in the ocean [40–42]. The eruption of the Krakatoa volcano occurred already in
the instrumental epoch, but the amount and quality of data did not allow a full analysis of
the phenomenon. The eruption of the Hunga Tonga–Hunga Ha’apai volcano was the first
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powerful explosive eruption in the history of science to be experimentally recorded with
such high quality and detail.

At the end of the introductory part, let us dwell upon several results presented in our
papers [6,7], which we will rely on in this work. Based on the data of the IRIS network ground-
based barographs located in the Pacific region, it was found that the atmospheric Lamb wave
propagated at a velocity of U = 312 ± 4 m/s, and its arisal time at the source was 04:27
UTC ±4 min (95% confidence interval). Note that the estimates of speed and time in the
source are consistent with data obtained by other authors, e.g. [3–5,18]. Moreover, in these
articles, we carried out a theoretical analysis of the problem of the generation of waves in the
ocean by an atmospheric Lamb wave within the framework of the potential theory of waves.
In this case in particular, the possibility of using the theory of long waves was demonstrated.
It was also shown that—due to the Proudman resonance [11,36]—amplitude of pressure
variations at the bottom should exceed the amplitude of atmospheric pressure fluctuations
in the Lamb wave by a factor of U2/(U2 − gH), where H is the ocean depth at the location
of the DART station and g is the acceleration of gravity. Using signals recorded in the area
of the Hawaiian Islands (POHA and KIP barographs of the IRIS network; DART51407),
we compared the observed atmospheric pressure fluctuations with the observed bottom
pressure variations. It was found that when the waveshapes coincided, the amplitude
of pressure variations at the bottom exceeded the amplitude of atmospheric pressure
fluctuations in the Lamb wave by a theoretically predicted factor of U2/(U2 − gH).

The first goal of this paper is a detailed presentation of the theory of the generation
of long-wave perturbations in the water layer by an atmospheric Lamb wave, caused by
explosion of the Hunga Tonga–Hunga Ha’apai volcano on 15 January 2022. The second goal
is to analyze and to interpret in situ data: pressure variations recorded by ground-based
barographs and deep-sea pressure gauges (DONET, DART) in the Japan Islands region
during the passage of the Lamb wave.

2. Basic Properties of Waves Excited in a Water Layer by an Atmospheric
Pressure Wave

In this section, we will theoretically analyze the main features of the process of gen-
eration of long-wave disturbances in a water layer by the atmospheric Lamb wave. The
atmospheric wave formed by a volcanic explosion at a large distance from the “point”
source will be considered to be cylindrically symmetric. The expediency of this approach
not only follows from general physical considerations but is also confirmed by observa-
tional data [3–5]. At large distances from the source, the curvature of the wave front is
obviously small, and the amplitude changes slowly with the distance, so to understand
the physics of the impact of the atmospheric wave on the water layer, it is sufficient to
consider a one-dimensional problem, directing the axis of the local rectangular coordinate
system 0x in the radial direction (from the volcano). In this case, the atmospheric pressure
fluctuations in the Lamb wave are represented by the following formula:

patm = pa· f [ka(x−Ut)], (1)

where f is the dimensionless function of a dimensionless argument, which describes
the form of the atmospheric disturbance, pa is the amplitude of atmospheric pressure
fluctuations, ka is the wave number of the atmospheric wave, and U is the velocity of the
atmospheric wave propagation.

To determine the perturbations of a water layer initiated by running fluctuations of
atmospheric pressure, we will resort to equations of the linear theory of shallow water:

∂u
∂t

= −g
∂ξ

∂x
− 1

ρ

∂patm

∂x
, (2)

∂ξ

∂t
= −∂(uH)

∂x
, (3)
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where u is the horizontal flow velocity, ξ is the displacement of the free water surface from
the equilibrium position, ρ is the water density, and H is the ocean depth.

We shall first consider a constant-depth ocean. Because significant areas of the Pacific
ocean are abyssal plains, such a simplified formulation of the problem is not a meaningless
abstraction. When H = const, the systems (2) and (3) can be easily reduced to the classical
inhomogeneous wave equations for the displacement of a free surface,

∂2ξ

∂t2 − gH
∂2ξ

∂x2 =
H
ρ

∂2 patm

∂x2 , (4)

and for the horizontal flow velocity

∂2u
∂t2 − gH

∂2u
∂x2 = −1

ρ

∂2 patm

∂x∂t
. (5)

For a running perturbation of the form (1), the solutions of Equations (4) and (5) are
well known, e.g. [11], and have the form of forced waves, whose shape and propagation
velocity are the same as those of an atmospheric wave:

ξ =
pa H

ρ(U2 − gH)
· f [ka(x−Ut)], (6)

u =
paU

ρ(U2 − gH)
· f [ka(x−Ut)]. (7)

Knowing the pressure at the water surface (1) and the displacement of the free surface (6),
it is easy to find the pressure fluctuations at the ocean floor:

pbott = patm + ρgξ =
paU2

U2 − gH
· f [ka(x−Ut)]. (8)

The value pbott, that is a dynamic addition to the hydrostatic pressure at the ocean
floor ρgH, will be needed later for the interpretation of data obtained by bottom pressure
gauges (deep water sea level stations).

It can be seen from Formulas (6)–(8) that the amplitude of perturbations in the water
layer can become quite significant when the propagation velocity of an atmospheric perturba-
tion, U, approaches the velocity of long waves,

√
gH. This effect is known as the Proudman

resonance [11,36]. In the case of a Lamb wave velocity of U = 312 m/s, which was observed
during the propagation of an atmospheric perturbation over the Pacific ocean [6], the res-
onance should occur at the depth H ≈ 9933 m, which is close to the limit depths of the
world ocean. Such depths are reached only in areas of deep-water depressions, which are
clearly insufficiently extended for the development of significant resonance phenomena.
Below we shall deal with the issue of how quickly a forced perturbation of the limiting
amplitude develops.

It is noteworthy that, in accordance with Formula (8), atmospheric pressure fluctu-
ations created by a Lamb wave always manifest themselves in variations of the bottom
pressure with a certain increase, and at great depths with a significant increase [7]. Note
that, naturally, only fully developed forced perturbation is intended.

Let us calculate the potential and kinetic energies of a forced perturbation in a water
layer. Hereinafter we will refer to the energy per unit front length (J/m). The potential
energy of the wave perturbation is calculated from the displacement of the free surface of
the water by the formula

Ep =
ρg
2

∫ +∞

−∞
ξ2dx, (9)
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and the kinetic energy is calculated from the horizontal flow velocity,

Ek =
ρH
2

∫ +∞

−∞
u2dx. (10)

Substituting expressions (6) and (7) into Formulas (9) and (10) we obtain

Ep =
pa

2H2g

2ρ(U2 − gH)
2ka

∫ +∞

−∞
f 2[z]dz, (11)

Ek =
pa

2HU2

2ρ(U2 − gH)
2ka

∫ +∞

−∞
f 2[z]dz, (12)

where z ≡ kax.
Comparing Formulas (11) and (12), we find the ratio of the kinetic and potential

energies of the forced perturbation,

Ek
Ep

=
U2

gH
≡ Fr, (13)

where Fr is the Froude number, known in hydrodynamics. At a Lamb wave velocity
U = 312 m/s, Fr > 1 (or even Fr � 1) for most regions of the world ocean; therefore, the
kinetic energy of the forced disturbance should be expected to exceed the potential energy,
and in some cases multiply.

The total energy of a forced perturbation is calculated by the formula

E = Ep + Ek = Ep(1 + Fr) = Ek(1 + 1/Fr). (14)

It is important to understand that in a boundless ocean of constant depth, a running
atmospheric disturbance forms an exclusively forced perturbation of the water layer. Free
gravity waves can only arise in an ocean of variable depth [6,43,44]. When the depth
changes, the forced perturbation, which represents a response of the water layer to the
atmospheric wave, must undergo reformation, and this process is accompanied by the
generation of free gravity waves.

Consider the ocean depth to change abruptly at the point x = 0 from H1 to H2. To
calculate the free waves arising at the jump in depth, it is necessary to write down Equations
(4) and (5) separately for subregions x < 0 and x > 0. At point x = 0, the solutions are
made to “match”, taking into account the continuity of the displacement of the free surface
(ξ1 = ξ2) and of the flow of matter (H1u1 = H2u2) [45]. The solutions sought include
the forced perturbation propagating with the velocity U, as well as a free gravity wave
propagating with the same velocity as long waves:

at x < 0

ξ1 =
paH1

ρ(U2 − gH1)
f [ka(x−Ut)] + A− f [k1(x +

√
gH1t)], (15)

u1 =
paU

ρ(U2 − gH1)
f [ka(x−Ut)]− A−

√
g

H1
f [k1(x +

√
gH1t)], (16)

at x > 0

ξ2 =
paH2

ρ(U2 − gH2)
f [ka(x−Ut)] + A+ f [k2(x−

√
gH2t)], (17)

u2 =
paU

ρ(U2 − gH2)
f [ka(x−Ut)] + A+

√
g

H2
f [k2(x−

√
gH2t)], (18)
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where A− and A+ are coefficients determining the amplitude of free waves propagat-
ing in the respective negative and positive directions of the 0x axis, and k1 and k2 are
the wavenumbers in the regions of depths, H1 and H2, respectively. The wavenumbers
can be determined from the condition of frequency conservation in the linear system:
k1 = kaU/

√
gH1, k2 = kaU/

√
gH2. In writing Formulas (16) and (18) for the flow veloci-

ties, we took into account the fact that the free surface displacement in the running (free)
wave and the velocity are related by the formula u = ∓ξ

√
g/H.

Matching solutions (15)–(18) at point x = 0 with account of the above indicated
conditions, we obtain the following formulas for the coefficients:

A− = −
pa
(√

gH1 −
√

gH2
)
U2

(gH1 −U2)
(√

gH2 + U
)
ρg

, (19)

A+ =
pa
(√

gH1 −
√

gH2
)
U2

(gH2 −U2)
(√

gH1 −U
)
ρg

. (20)

Note that Formulas (19) and (20) also hold valid when the depths H1 or H2 turn to zero.
This essentially expands the possibilities for application of these analytical expressions in
testing numerical models, permitting one to calculate the amplitudes of free waves arising
both at jumps in depth in the middle of a water basin and at boundaries between land and
water. Formulas (15)–(20) are very close to the expressions that were obtained earlier in the
original work [41] and reproduced with misprints in a recent article [37]. The coefficients in
our formulas (A+, A−, etc.) and in Garrett’s expressions are completely equivalent. The
difference actually lies in the fact that in our formulas the function f, which describes the
shape of the wave disturbance, is introduced as a function of the dimensionless argument,
which is traditional for wave physics, while in Garrett’s expressions it is a function of the
dimensional argument.

From the free surface displacement and the flow velocity in free waves arising at
a jump in depth, one can readily calculate the total energy of waves propagating in the
positive and negative directions of the 0x axis:

E− =
pa

2(√H1 −
√

H2
)2U3√gH1

(gH1 −U2)
2(√gH2 + U

)2
ρka

∫ +∞

−∞
f 2[z]dz, (21)

E+ =
pa

2(√H1 −
√

H2
)2U3√gH2

(gH2 −U2)
2(√gH1 −U

)2
ρka

∫ +∞

−∞
f 2[z]dz. (22)

The potential and kinetic energies in a propagating linear wave are known to be equal
to each other, so there is no sense in calculating these quantities separately.

Expressions (21) and (22) permit one to calculate the ratio between the energies of free
waves propagating in the positive and in the negative directions of the 0x axis:

E+

E−
=

√
H2
(√

gH1 + U
)2

√
H1
(√

gH2 −U
)2 . (23)

In accordance with Formula (23), we obtain that for velocities U = 312 m/s and
g = 9.8 m/s2 the energy of free gravity waves, arising at a jump in depth from H1 = 1500 m
to H2 = 4500 m, will be mainly directed towards deep water, along the direction of
propagation of the Lamb wave: E+/E− ≈ 31.3. In the case of a jump in depth from
H1 = 4500 m to H2 = 1500 m, the energy of free gravity waves, propagating in the
direction of propagation of the Lamb wave, in this case towards shallow water, also
prevails, although not so significantly: E+/E− ≈ 4.3.

The formation process of free gravity waves at the jump point in depth is clearly
shown in Figure 1. Calculation of waves was performed, applying the numerical model
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and analytical Formulas (15)–(18), which allowed mutual testing of the analytical formulas
and of the numerical method.
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atmospheric pressure wave is shown by the red curve. The celestial blue fill presents the results of 
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performed for Λ = 468 km, 𝑈 = 312 m/s, and 𝑝௔ = 200 Pa. 

The numerical model resolved the 1D Equations (2) and (3) for shallow water in a 
basin of variable depth by the explicit finite-difference method making use of the Ara-
kawa C-grid [46]. A grid with a constant step in the space ∆𝑥 was used. The step in time 
was determined taking into account the Courant condition: ∆𝑡 < ∆𝑥/ඥ𝑔𝐻௠௔௫ , where 𝐻௠௔௫ is the maximum ocean depth within the computational domain. The problem was 
resolved with zero initial conditions: 𝑢 = 0, 𝜉 = 0. The propagating atmospheric pressure 
perturbation (1) was considered the source of waves. The shape of the model atmos-
pheric perturbation was chosen to be the following: 𝑓(𝑧) = ൜0.5(1 + cos 𝑧),   |𝑧| ≤ 𝜋0,   |𝑧| > 𝜋 . (24) 

Figure 1. Formation of free gravity waves when an atmospheric pressure wave crosses a depth jump.
Snapshots are constructed at consecutive points in time, indicated in the figure. The left column of
images corresponds to the case of jump in depth “from deep to shallow” (H1 = 4500 m, H2 = 1500 m),
while the right column corresponds to the case “from shallow to deep” (H1 = 1500 m, H2 = 4500 m).
The bottom relief is schematically (not to scale) shown by a dark fill. The atmospheric pressure wave
is shown by the red curve. The celestial blue fill presents the results of numerical simulation and the
dotted curves are calculated by analytic Formulas (15)–(18). The blue dotted line represents forced
waves and the purple dotted line is for free waves. Calculations were performed for Λ = 468 km,
U = 312 m/s, and pa = 200 Pa.

The numerical model resolved the 1D Equations (2) and (3) for shallow water in a
basin of variable depth by the explicit finite-difference method making use of the Arakawa
C-grid [46]. A grid with a constant step in the space ∆x was used. The step in time
was determined taking into account the Courant condition: ∆t < ∆x/

√
gHmax, where

Hmax is the maximum ocean depth within the computational domain. The problem was
resolved with zero initial conditions: u = 0, ξ = 0. The propagating atmospheric pressure
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perturbation (1) was considered the source of waves. The shape of the model atmospheric
perturbation was chosen to be the following:

f (z) =
{

0.5(1 + cos z), |z| ≤ π
0, |z| > π

. (24)

At the initial moment of time the perturbation was situated outside the computational
domain. The flow velocity (7), corresponding to forced perturbation of the water layer,
was assumed as the boundary condition of “free passage”through the boundaries of the
computational domain. Thus, both the entrance of the atmospheric perturbation to the
computational domain and the exit of the perturbation outside its limits took place without
the generation of free gravity waves at the boundaries of the computational domain.

The results of numerical calculations of the perturbation dynamics of a free surface
are shown in Figure 1 in celestial blue fill, while the results of analytical calculations are
indicated by dotted curves. The forced wave calculated by Formula (6) is represented
by the blue dotted curve. Free gravity waves (see Formulas (15) and (17)) are shown
by purple dotted curves. The red solid curve in the upper part of the figure indicates
the position and shape of a propagating atmospheric perturbation. The length of the
atmospheric perturbation adopted in the calculations was Λ = 468 km (ka = 2π/Λ), and
its amplitude was pa = 200 Pa. The grid step was set to ∆x = 1000 m. The perturbation
length corresponds to the observed period of the positive Lamb wave phase: Λ = U·T,
where T ≈ 25 min.

The left column of snap-shots in Figure 1 represents an example of the situation,
when a Lamb wave crosses the region of a jump-like decrease of depths: H1 = 4500 m,
H2 = 1500 m (which approximately corresponds to drops in depth within the region where
DONET stations are established). In this case, the forced wave reduces its amplitude, so
the polarities of both arising free waves turn out to be positive, or, to be more precise, they
coincide with the polarity of the atmospheric perturbation. The right column of images in
Figure 1 represents the opposite situation, when the atmospheric wave crosses the region
of a jump-like increase of depths: H1 = 1500 m, H2 = 4500 m. In this case, the amplitude
of the forced wave increases, while the polarity of free waves becomes negative.

From Figure 1 it can be seen how exactly the forced perturbation undergoes restructur-
ing when the atmospheric wave crosses the depth jump. We note that in the region of x > 0
the forced perturbation of maximum amplitude arises immediately after the atmospheric
wave crosses the point of jump-like change in depths. But during a certain time, the forced
perturbation interferes with the free gravity wave. Therefore, the amplitude of the total
perturbation changes smoothly as the forced and free waves diverge in space. The time
required for total divergence of these waves, i.e., for the forced perturbation to achieve its
maximum energy, is

τ =
Λ

U −
√

gH2
. (25)

From Figure 1 and Videos S1 and S2, it is also seen that for the forced perturbation to
achieve its maximum amplitude, a lesser time is required: τ/2 (in the case of symmetric
atmospheric perturbation). It is remarkable that the closer to the Proudman resonance
conditions (U =

√
gH2), the longer is the time required for development of forced pertur-

bation. For typical conditions of an open ocean (H2 = 4500 m) in the case of Λ = 468 km,
we obtain from (25) that the time a forced perturbation of maximum energy will develop
is τ ≈ 4588 s. In this time, the forced perturbation will cover a distance of τU ≈ 1431 km.
Incidentally, the forced perturbation will reach its maximum amplitude two times faster,
already after τU/2 ≈ 716 km. If the perturbation turns out to be in the region of depth
H2 = 1500 m, the formation of a forced perturbation is essentially more rapid: τ ≈ 2453 s,
τU ≈ 766 km.

In actuality, variation of the ocean depth is not jump-like, but quite smooth. The
maximum average bottom slopes reached, for instance on the continental slope, amount
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to 0.1. Data available in the GEBCO numerical atlas indicate that local bottom slopes are,
as a rule, limited by the value of 0.3 [47]. The numerical model permits one to analyze
how the submarine slope steepness influences the parameters of arising free waves. In
Figure 2, examples are shown of free wave calculations for various slopes of the bottom.
The minimum depth in the examples presented was 1500 m, while the maximum amounted
to 4500 m. The length of the plane slope varied between 4 and 512 km, which corresponded
to the range of bottom slopes from 0.00586 up to 0.75. As in Figure 1, the blue and purple
dotted curves show the theoretical wave shapes, which correspond to jump-like depth
variation. From Figure 2, it can be seen that the parameters of free waves arising on a gentle
slope and at a jump in depth may differ significantly. A free wave propagating in a direction
opposite to the propagation of atmospheric perturbation is subject to the largest variations:
enhancement of the slope length reduces the amplitude of this wave and increases its
length. A free wave propagating in the same direction as the atmospheric perturbation
behaves in a totally different manner. Enhancement of the slope length starts to noticeably
reduce the amplitude of this free wave only in the case of slope lengths exceeding 100 km.
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scale) by the dark fill, and the slope length is in km. The left column of images corresponds to depth



Remote Sens. 2023, 15, 3071 10 of 23

reduction from H1 = 4500 m to H2 = 1500 m, the right column corresponds to depth enhancement
from H1 = 1500 m to H2 = 4500 m. The atmospheric pressure wave is shown by the red curve. The
celestial blue fill represents the results of numerical simulation and the dotted lines are calculated
by analytic Formulas (15)–(18), obtained for the depth jump case. The blue dotted line corresponds
to forced waves and the purple one corresponds to free waves. Calculations were performed for
Λ = 468 km, U = 312 m/s, and pa = 200 Pa.

The influence of the bottom slope on the amplitude and energy of free gravity waves
can be traced in detail in Figure 3. The amplitudes and energies, calculated numerically for
a given slope length, L, are normalized to the theoretical values, corresponding to the depth
jump. Numerical calculations were performed for Λ = 468 km, U = 312 m/s, a minimal
depth of 1500 m, and a maximum depth of 4500 m. In calculating energies, we made use of
the precise value of the integral for the shape of the atmospheric perturbation (24):∫ +∞

−∞
f 2[z]dz =

3π

4
. (26)
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Figure 3. Influence of the slope length, L, on the amplitude and energy of free gravity waves. The am-
plitude and energy are normalized to the theoretical values, determined by Formulas (19)–(22), which
were obtained for the depth jump case. Calculations were performed for Λ = 468 km, U = 312 m/s,
and pa = 200 Pa. (a) depth reduction from H1 = 4500 m to H2 = 1500 m; (b) depth enhancement
from H1 = 1500 m to H2 = 4500 m.
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From Figure 3, it can be seen that the amplitude and energy of waves propagating in
the same direction as the Lamb wave remain close to the values corresponding to jump-like
variation of depths, straight up to slope lengths of L ∼ 100 km. In the case of waves
propagating in the opposite direction, amplitude and energy reduction starts noticeably
earlier, already at L ∼ 50 km. In other words, if a submarine slope is shorter than 50 km,
then for estimation of the amplitude and energy of free gravity waves it can be dealt with a
jump-like change of depth. It is remarkable that the normalized curves for the “from deep to
shallow” case and for the “from shallow to deep” case do not differ much from each other.

To conclude this section, we will consider manifestations of the atmospheric Lamb
wave in variations of the bottom pressure. As noted above, in the framework of the
hydrostatical approximation (or shallow water theory), pressure fluctuations at the ocean
floor are a superposition of atmospheric pressure and pressure created by disturbances of
the free surface of the ocean. In the case of a flat horizontal bottom, when the response
of the water layer exists only as a forced wave, pressure fluctuations are described by
analytical Formula (8). However, ocean-bottom pressure gauges (PGs) are often installed
in areas with a complex bottom relief. In the region of variable depth, free gravity waves
arising on underwater slopes begin to make a noticeable contribution to variations in
bottom pressure. To estimate the amplitude of these waves, Formula (19) or Formula (20)
can be used. Depths H1 and H2 should correspond to the typical depth difference in the
area under consideration. If the assessment is carried out in a coastal area, the depth on the
coast should be set to 0.

We will illustrate the basic features of bottom pressure variations arising under the
influence of the atmospheric Lamb wave in an area with a complex bottom relief using the
1D numerical model described above. For numerical experiments, we will choose a model
depth profile, which is typical for the location area of the DONET system (see Supporting
information, Figure S1). This region is characterized by a transition from abyssal depths of
4–5 km across the continental slope to an underwater plateau with depths of 1–2 km and
only then to the shelf zone.

The model depth profile is shown in the lower fragment of Figure 4. The shape of the
Lamb model wave, as in the experiments described above, was determined by Formula (24); its
velocity, length, and amplitude were set equal to U = 312 m/s, Λ = 468 km, and pa = 200 Pa.
At the left boundary of the computational domain, the non-reflective condition for the Lamb
wave was first set, and after the atmospheric wave was completely inside the computational
domain, the non reflective condition for long gravity waves was set: u = −ξ

√
g/H. At the

right boundary on the isobath of 10 m, the reflection condition was set: u = 0.
The results of numerical calculations are shown in Figure 4. The red curve shows

the course of bottom pressure over time, calculated for six virtual PGs. The blue curve
represents the forced wave calculated by Formula (8), taking into account the depth of the
PG location. The yellow fill shows the difference between the red and blue curves during
the passage of the Lamb wave. The following dimensionless parameter was calculated as a
quantitative measure of the difference between the curves:

δ =

∫ T2
T1

(pbott − p f )
2dt∫ T2

T1
p f

2dt
, (27)

where pbott represents variations of the bottom pressure, p f is the bottom pressure in the
forced wave, and T1 and T2 are the entry and end times of the Lamb model wave. The
value δ for each of the six examples is shown in the figure.
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Figure 4. Bottom pressure variations calculated as a function of time at six different points along the
depth profile (the lower fragment of the figure). Coordinates of points and values of parameter δ are
indicated in each of the upper six fragments of the figure. The red curve shows the total pressure
and the blue curve shows the pressure in the forced wave, calculated by Formula (8). The yellow
fill shows the difference between the red and blue curves during the passage of an atmospheric
perturbation. The green curve in the lower fragment of the figure shows the behavior of parameter δ

along the slope.

It can be seen from Figure 4 that the first entry of the signal always corresponds to the
Lamb wave and the forced disturbance of the water layer; manifestations of free gravity
waves enter somewhat later. At a distance of 100 km from the foot of the slope, the value δ
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is not zero; this indicates that a free wave generated by the underwater slope and running
from the shore has already been added to the forced disturbance. For virtual PGs located
higher up the slope, the manifestations of free waves increase, and the amplitude of the
forced disturbance decreases. Thus, when approaching the shore, the forced disturbance is
increasingly distorted by free waves, which manifests itself in the growth of parameter δ.
The course of parameter δ along the slope is represented by the green curve above the depth
profile in the lower fragment of the figure. To obtain this green curve, we calculated the value
δ for virtual sensors located at 2000 m intervals (step of the numerical grid was 500 m).

Once again, we note that, at great depths, the leading role in bottom pressure fluctua-
tions should belong precisely to the forced disturbance. This is due to the resonant nature of
the response of the water layer, as a result of which pressure fluctuations in the forced wave
at the bottom have a noticeably greater amplitude than the forcing effect in the atmosphere.
With a decrease in the depth of the ocean, the role of the resonance effect decreases, and the
amplitude of variations of the bottom pressure tends toward the amplitude of atmospheric
pressure fluctuations. At the same time, the manifestations of free (long) gravity waves in
the variations of bottom pressure do not depend on the depth (pbott = ρgξ). In this regard,
the fluctuations of near-bottom pressure in shallow water should be dominated by free
wave manifestations, masking the direct manifestation of the atmospheric wave.

3. Observational Data and Their Preliminary Handling

Manifestations of the explosive eruption of the Hunga Tonga–Hunga Ha’apai volcano,
which took place on 15 January 2022, were registered by numerous different geophysical
sensors all over the world. In the present work, we concentrate on the variations of
pressure that were registered in the atmosphere and at the ocean bottom in the vicinity of
the Japanese islands within the region indicated in Figure 5 (120–158◦E, 19–43◦N).
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Figure 5. Relative position of land-based barographs (red squares), deep-water tsunami detectors
DART (green triangles), and deep-sea observatories DONET (yellow diamonds). The white dotted
lines showing distances from the volcano Hunga Tonga–Hunga Ha’apai are drawn with an interval
of 500 km. The insets show the depth profiles constructed along arcs of the large circle connecting the
volcano and the DART stations (green lines).

In the above-mentioned region, the atmospheric Lamb wave, caused by the explosive
eruption, was recorded by four land-based barographs, three of which (MAJO, TATO,
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INCN) belong to the IRIS network (http://ds.iris.edu/ds/ (accessed on 25 January 2022))
and are characterized by a data sampling rate of 1 Hz. The fourth barograph of IS30 refers
to The International Monitoring System Infrasound Network/CTBTO; data sampling rate
is 20 Hz. The location of the barographs is shown in Figure 5 with red squares.

Atmospheric pressure fluctuations caused by the passage of the Lamb wave are
presented in Figure 6. A low-frequency component approximated by a polynomial was
previously removed from the original signals. The signal registered by the IS30 barograph
was subjected to additional processing: smoothing by a Gaussian filter with a kernel of
radius 20 sampling intervals (=1 s) with further downsampling to 1 Hz. Figure 6 shows
that the amplitude and shape of the head wave remain virtually unchanged from station to
station; only the times of arrival differ, which is related to the distances of the barographs
from the volcano being different. Taking into account that the distances between the
four barographs dealt with are quite significant (∼1000 km and more), one can conclude
that the parameters of the Lamb wave within the region considered are characterized by
quite a high spatial uniformity. This fact essentially simplifies the analysis of the Lamb
wave manifestations in variations of the bottom pressure. Data on atmospheric pressure
fluctuations at any point of interest to us within the region considered can be obtained by
shifting in time the signal registered by one of the barographs. To this end, one can, in
principle, take advantage of the data registered by any one of the four barographs, but
the one most suitable for the role of a “reference” gauge is the barograph IS30, because
its location is the closest to where the deep-sea observatories for DONET and deep-water
tsunami detectors for DART (21418, 21420) are established.
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As we noted in [6], of the 33 deep-water tsunami detectors, DART, that were function-
ing on 15 January 2022, only 9 stations registered the event, including its initial phase, with
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a sampling rate not worse than 1 min. The resolution of the remaining stations amounted to
15 min, or the data included significant gaps, which rendered interpretation of the signals
impossible. Only two DART stations (21418, 21420), located in the vicinity of the Japanese
islands, recorded a signal with a reasonable sampling rate—their locations are indicated in
Figure 5 by green triangles. These stations were established at depths of 5672 m (21418)
and 4877 m (21420). The official site of the DART system (https://www.ndbc.noaa.gov/
(accessed on 1 February 2022)) presents the bottom pressure in meters of the water column.
We recalculated the pressure in Pascals, making use of the constant indicated at this site.
The signals were de-tided by subtraction of the trend represented by a polynomial. The
sampling interval of bottom pressure variations recorded by DART stations was 60 s. The
signals registered are presented in Figure 7.
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lines show variations of the bottom pressure multiplied by the correcting coefficient (U2 − gH)/U2

and shifted in time by ∆r/U, where ∆r is the difference in distance (geo-distance) from the Hunga
Tonga–Hunga Ha’apai volcano to the barograph IS30 and from the Hunga Tonga–Hunga Ha‘apai
volcano to the DART station.

The location of the DONET system is shown in Figure 5 by yellow diamonds. Man-
ifestations of the volcanic explosion were successfully registered by 44 pressure gauges
(PGs) of the DONET system, which were located at depths between 1077 and 4449 m.
Variations of the bottom pressure were registered with a sampling frequency of 10 Hz.
The original signals were processed applying a Gaussian filter with a kernel of radius
10 sampling intervals (=1 s) and downsampled to 1 Hz. Then, the signals were de-tided
by subtraction of the trend represented by a polynomial. Ten examples of PGs/DONET
records are presented in Figure 8. The complete set of records from all 44 PGs can be found
in the Supporting Information (Figures S2–S45).

https://www.ndbc.noaa.gov/
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Figure 8. Variations of pressure, registered by PG/DONET (blue solid line) at the ocean bottom and
by the barograph IS30 in the atmosphere (red solid line). The blue dotted line shows variations of the
bottom pressure multiplied by the correcting coefficient (U2 − gH)/U2 and shifted in time by ∆r/U,
where ∆r is the difference in distance (geo-distance) from the Hunga Tonga–Hunga Ha’apai volcano to
the barograph IS30 and from the Hunga Tonga–Hunga Ha’apai volcano to the DONET station. The
yellow fill shows the difference between the red and blue dotted lines during passage of the positive
phase of the Lamb wave. The values of parameter δ are indicated in each of the fragments of the figure.

4. Analysis and Interpretation of Observational Data

The blue and green solid curves in Figure 7 represent the variations of bottom pressure
recorded by DART21418 and DART21420 stations, respectively. Atmospheric pressure
fluctuations recorded by the IS30 ground barograph are shown by the red curve. Despite the
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fact that the pressure variations at the ocean floor were recorded with a sampling rate, which
was significantly less than for atmospheric pressure, it is clearly seen from the figure that the
first positive inputs of signals at the ocean floor repeat in shape the first positive phase of the
Lamb atmospheric wave, including the details of the wave profile. It is important to note that
the amplitude of pressure variations at the ocean floor is approximately two times higher
than the amplitude of atmospheric pressure fluctuations. In other words, manifestation of
the atmospheric Lamb wave at the bottom of the ocean is amplified.

From the map showing the relief of the ocean floor (Figure 5), it can be concluded that the
stations DART21418 and DART21420 are located on more or less flat sections of the bottom
at a considerable distance from the mainland slope. In Section 2, it was theoretically shown
(see Figure 4) that a forced disturbance recorded by pressure fluctuations at the ocean floor
is distorted by free gravity waves that arise when a Lamb wave passes over an underwater
slope, only if the slope is located close enough, i.e., no farther than 100 km from the pressure
recorder (forward in the direction of propagation of the atmospheric wave). It can be seen
from Figure 5 that the two DART stations under consideration are located at significantly
longer distances from the mainland slope, namely, at several hundred km. Consequently, the
influence of the continental slope on the forced wave in this case is certainly excluded.

The insets in Figure 5 show the depth profiles along the atmospheric wave propagation
“tracks” (green lines on the map). By “track” we mean the arc of the great circle passing
through the volcano Hunga Tonga–Hunga Ha‘apai and the registering station. From the
depth profile for the DART21418 station, it can be seen that for at least 1500 km the ocean
depth along the track is approximately 6 km and the ocean floor is practically flat, even
if individual relief inhomogeneities are encountered. With the use of Formula (25), it is
possible to estimate the time, τ, and distance, D = τU, required for complete establishment
of a forced perturbation in the ocean at a depth H = 5672 m (the depth at which the
DART21418 station is located). In the case of the propagation velocity and wavelength
of the Lamb wave, equal, respectively, to U = 312 m/s and Λ = 468 km, we obtain
D21418 ≈ 1915 km. We can assume formation of the forced perturbation to be actually fully
completed when approaching DART21418.

For the DART21420 station, the situation is not as ideal. The depth profile shows
that the track crosses an underwater ridge, from the foot of which to the station there is
only approximately 600 km of a more or less even bottom, with an average ocean depth of
approximately 5 km. For the ocean depth corresponding to the setting depth of DART21420
(4877 m), the distance of complete establishment of the forced perturbation is estimated
by the value D21420 ≈ 1564 km. However, taking into account that the amplitude of the
forced wave is established twice as fast (see Section 2), we can expect that in this case the
influence of free waves on the forced disturbance will not be fundamental.

As for small inhomogeneities of the bottom, free gravity waves of significant amplitude
cannot form on them during the passage of the Lamb wave. There are at least three reasons
for this. First, as the depth difference decreases, the amplitude of free waves tends to zero,
which directly follows from Formulas (19) and (20). Secondly, if the horizontal size of
the bottom inhomogeneity (for instance, a narrow underwater ridge) is significantly less
than the Lamb wavelength, then the free waves formed on the left and right slopes will
have different signs and will compensate each other during interference. Thirdly, in a real
spatial problem, free waves that have arisen on a localized bottom inhomogeneity (for
instance, a local underwater hill) will attenuate with distance from the inhomogeneity due
to geometric divergence.

In Section 2, it was shown that, in the idealized case, when the Lamb wave passes
over a flat horizontal bottom, the relationship between atmospheric and bottom pressure
fluctuations is described by Formula (8). It follows from this formula that the waveshapes
in the atmosphere and at the ocean floor are identical, while their amplitudes differ by the
factor U2/(U2 − gH).

The blue and green dotted lines in Figure 7 show the bottom pressure variations
multiplied by the correction factor γ = (U2 − gH)/U2, where H is the ocean depth at the
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location of the DART station. The values of the correction coefficients at U = 312 m/s are
γ21418 ≈ 0.43 and γ21420 ≈ 0.51. The signals registered by DART were also shifted in time
based on the difference in distances between the Hunga Tonga–Hunga Ha’apai volcano and
the pressure recording points. Compared to the IS30 barograph, the DART21418 station is
located 203.7 km closer to the volcano, and the DART21420 station is 113.7 km closer. When
calculating the time shift, the propagation velocity of the Lamb wave, U = 312 m/s, was
used. The time shift for the DART21418 signal was 653 s, and for the DART21420 it was 364 s.
As a result of the amplitude transformation and the signal shift in time, we restore the course
of atmospheric pressure at the location of the IS30 barograph. Signals reconstructed from
DART21418 and DART21420 data are shown by dotted blue and green lines, respectively.
It can be concluded from the figure that the blue dotted line (DART21418), as could be
expected from the theoretical concepts, happens to be very close to the red curve showing
the evolution of atmospheric pressure.

For the green dotted line (DART21420), the match is not so good. At a first glance,
one could assume an error in the positioning of the recording stations and additionally
shift the green dotted curve in time, thereby achieving better agreement, but the required
shift is approximately 5 min. During this time, the Lamb wave travels over 90 km. Such
an error in determining the position of the recording stations seems quite unlikely. Most
likely, in this case, the forced disturbance interferes with free waves formed on the slopes
of an underwater ridge, the distance to the foot of which amounts to approximately 600 km
(D21420 ≈ 1564 km). When entering deep water, free waves have a negative polarity; there-
fore, they should reduce the amplitude of the recorded signal (see Supporting Information,
Videos S2 and S4). Because the distance between the foot of the underwater ridge and the
location of the DART21420 station is still quite significant, the forced disturbance interferes
with free waves mainly in the tail part of its signal—after 11:20 UTC.

Figure 8 shows 10 examples of signals recorded by DONET deep-sea observatories.
A complete set of illustrations for all 44 observatories is presented in the Supporting
Information (Figures S2–S45). Despite the fact that, unlike DART stations, the DONET
system is located in an area of variable depth (Figure 9), the waveshapes recorded at the
ocean floor and in the atmosphere are also close in many cases.

The signals registered by PGs/DONET were processed in the same way as was done
for DART stations (multiplication by a correction factor, γ, calculated by the depth of the
ocean at the DONET observatory location, and the signal time shift depending on the
distance between the recorders and the volcano). It can be seen from Figure 8 that the
blue dotted curves obtained as a result of processing in some cases correspond very well
to the red curves showing the behavior of the atmospheric pressure. During passage of
the positive phase of the Lamb wave (from 11:10 to 11:35 UTC), the difference between
the curves is highlighted with a yellow fill. As a quantitative measure of the difference
between the waveshapes, the value δ was calculated according to Formula (27). The values
of the quantity, δ, for each observatory are shown in the figure.

Figure 9 shows a map with the location of all 44 DONET observatories that successfully
recorded variations in bottom pressure during the passage of the Lamb wave. Stations are
shown with diamonds, the color of which varies depending on the value of the quantity, δ.
The color scale is shown at the top of the picture. It can be seen that the color distribution of
the stations is not random, but quite natural. Minimum values of δ ∼ 0.1 are observed in the
lower part of the slope (Mre and Kmc) and in the eastern part of the region, including the deep-
water plateau (Kmb, Kmd). In these cases, the free wave formed over the underwater slope
either has not yet managed to distort the forced disturbance, or this distortion is insignificant
due to a relatively small depth difference (from 4 to 2 km). For observatories located higher
up the slope (Mrg, Mrf, Mrd, Kma), the value of δ increases up to ∼0.5 , which indicates a
noticeable contribution of free waves to variations in the bottom pressure. Finally, for the
shallowest observatories (Mrc, Mrb, Mra), the value of δ reaches 1 or more, which indicates
the predominant contribution of free gravity waves to variations in the bottom pressure.
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If we compare the full-scale data presented in Figure 8 and the results of a numerical
experiment shown in Figure 4, then synthetic and measured in situ variations of the
bottom pressure can have common features. On the abyssal plain far from the mainland
slope, the first performance, which is recorded by the bottom pressure sensor, belongs
to a forced disturbance. This perturbation, due to its proximity to the conditions of the
Proudman resonance, gives a predominant contribution to the observed signal. At the
foot of the continental slope and in its lower part—still at sufficiently great depths—the
forced disturbance continues to play a leading role, but it is already distorted by free waves,
which somewhat increase the amplitude of the observed signal. However, the main free
waves formed near the shore appear on the record much later, and they are comparable
in amplitude to a forced perturbation. At shallow depths—near the shore—the forced
perturbation makes a negligible contribution to variations in the bottom pressure; in this
area, the main contribution is due to free gravity waves, and the forced perturbation is
actually lost against the background of free waves.

5. Discussion

The paper analyzes the long-wavelength response of the water layer to the atmospheric
Lamb wave caused by the explosion of a volcano. It is shown that the response of the
water layer is a superposition of forced perturbation and free gravity waves. The shape
of the forced perturbation repeats the shape of the atmospheric wave. The amplitude of
the forced perturbation essentially depends on the ratio of the propagation velocity of an
atmospheric wave and the velocity of long waves, which is determined by the depth of
the ocean. Free waves arise as a result of the restructuring of a forced perturbation when
the ocean depth changes. For an abrupt change in depth, explicit analytical formulas are
presented that describe the amplitude and energy of free gravity waves. The formulas
can be used to verify numerical models. It is shown that the time required for the forced
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perturbation to be settled is proportional to the ratio of the atmospheric wavelength to the
difference between the velocities of the atmospheric wave and long waves in the ocean.

With the aid of numerical simulation, it has been established that the amplitude
and energy of free gravity waves arising on an underwater slope of finite length, L, and
traveling in the direction of propagation of an atmospheric perturbation depend weakly on
the length of the slope up to L ∼ 100 km. With a further increase in the length of the slope,
the amplitude and energy of free waves both begin to decrease. For free waves traveling in
the opposite direction (against the atmospheric wave), the finite length of the underwater
slope begins to weaken their amplitude and energy, starting from L ∼ 50 km. For short
slopes (L < 50 km), the amplitude and energy of free waves can be estimated using the
analytical formulas obtained for an abrupt change in depth.

Manifestations of the atmospheric Lamb wave caused by the explosion of the Hunga
Tonga–Hunga Ha’apai volcano on 15 January 2022 were analyzed on the basis of data
from atmospheric and bottom pressure recorders located in the region of the Japanese
Islands (4 ground-based barographs, 2 DART stations, and 44 DONET observatories). The
bottom pressure gauges located on the vast abyssal plain (DART21418) and in the deep part
of the continental slope (DONET: Mre, Kmc, Kmd, Kmb) were found to record pressure
variations similar in shape to the Lamb wave in the atmosphere. The amplitude of bottom
pressure variations has always noticeably exceeded the amplitude of atmospheric pressure
fluctuations. It is shown that in these cases the ratio of the amplitudes corresponds to
the theoretical value, which is true for the following forced perturbation: U2/(U2 − gH),
where U is the propagation velocity of the Lamb wave and H is the ocean depth at the
pressure gauge location.

For bottom pressure gauges located at a short distance from large ocean floor landforms
along the propagation of the Lamb wave (DART21420), in the upper part of the continental
slope (DONET: Mrg, Mrf, Mrd) or in a relatively shallow area closer to the coast (DONET:
Mra, Mrb, Mrc, Kma), the free gravity waves formed during the passage of the Lamb wave
over underwater slopes are superimposed on the forced wave. In these cases, no equivalence
of the signal shapes recorded at the bottom and in the atmosphere is observed.

It should be noted that, according to Formula (15), the amplitude of the forced per-
turbation tends to zero near the shore (when the ocean depth tends to zero), while the
amplitude of the free gravity waves remains significant or even increases near the shore.
Due to this fact, to assess the tsunami hazard from signals recorded by bottom pressure
sensors it is important to have an easy-to-use method for isolating free gravity waves. The
theoretical concepts presented in this paper and the analysis of in situ data allow us to
propose the following method. From the initial series of bottom pressure variations, one
should subtract the record of atmospheric pressure fluctuations in the Lamb wave, multi-
plied by U2/(U2 − gH). Thus, the component corresponding to the forced perturbation is
excluded from the bottom pressure variations, and the signal that remains corresponds to
free gravity waves. It should be noted that the described method is easily algorithmized,
which makes it possible, in principle, to use it in the tsunami early warning mode. The
only necessary condition for the application of this method is the presence of a Lamb wave
record made by a barograph in the region under consideration.

We see further development of the issue under consideration in spatial numerical
modeling of the response of the water layer to the atmospheric Lamb wave. The main
goals of such modeling are assumed to be reproduction of bottom pressure variations
at the locations of bottom PGs, comparison of simulation results with recorded signals,
and development of the proposed method for extracting free gravity waves from signals
recorded by bottom pressure sensors.
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Supplementary Materials: The following supporting information can be downloaded at:
https://www.mdpi.com/article/10.3390/rs15123071/s1, Figure S1: Position of deep-sea observatories
DONET (yellow diamonds). The white dotted lines showing distances from the volcano Hunga Tonga–
Hunga Ha’apai are drawn with an interval of 500 km. The insets show the depth profiles constructed
along arcs of the large circle drawn by green lines; Figures S2–S45: Variations of pressure, registered
by PG/DONET (blue solid line) at the ocean bottom and by the barograph IS30 in the atmosphere (red
solid line). The blue dotted line shows variations of the bottom pressure multiplied by the correcting
coefficient (U2 − gH)/U2 and shifted in time by ∆r/U, where ∆r is the difference in distance (geo-
distance) from the Hunga Tonga–Hunga Ha’apai volcano to the barograph IS30 and from the Hunga
Tonga–Hunga Ha’apai volcano to the DONET station. The yellow fill shows the difference between
the red and blue dotted lines during the passage of the positive phase of the Lamb wave. Values of
parameter δ are indicated in each of the fragments of the figure; Table S1: Locations of the DONET
stations and the value δ for each station, calculated using Formula (27); Video S1: Formation of free
gravity waves when an atmospheric pressure wave crosses a depth jump for the case of “from deep
to shallow” (H1 = 4500 m, H2 = 1500 m). The bottom relief is schematically (not to scale) shown by
a dark fill. The atmospheric pressure wave is shown by the red curve. The celestial blue fill presents
the results of numerical simulation and the dotted curves are calculated by analytic Formulas (15)–(18).
The blue dotted line represents forced waves and the purple dotted line is for free waves. Calculations
were performed for Λ = 468 km, U = 312 m/s, and pa = 200 Pa; Video S2: Formation of free gravity
waves when an atmospheric pressure wave crosses a depth jump for the case of “from shallow to
deep” (H1 = 1500 m, H2 = 4500 m). The bottom relief is schematically (not to scale) shown by a dark
fill. The atmospheric pressure wave is shown by the red curve. The celestial blue fill presents the
results of numerical simulation and the dotted curves are calculated by analytic Formulas (15)–(18). The
blue dotted line represents forced waves, the purple dotted line is for free waves. Calculations were
performed for Λ = 468 km, U = 312 m/s, and pa = 200 Pa; Video S3: Influence of the bottom slope on
the formation of free gravity waves when an atmospheric pressure wave crosses a depth reduction from
H1 = 4500 m to H2 = 1500 m. The bottom relief is schematically shown (not to scale) by the dark fill,
the slope length is in km. The atmospheric pressure wave is shown by the red curve. The celestial blue
fill represents the results of numerical simulation, the dotted lines are calculated by analytic Formulas
(15)–(18) obtained for the depth jump case. The blue dotted line corresponds to forced waves and the
purple one corresponds to free waves. Calculations were performed for Λ = 468 km, U = 312 m/s,
and pa = 200 Pa; Video S4: Influence of the bottom slope on the formation of free gravity waves when
an atmospheric pressure wave crosses a depth enhancement from H1 = 1500 m to H2 = 4500 m.
The bottom relief is schematically shown (not to scale) by the dark fill, the slope length is in km. The
atmospheric pressure wave is shown by the red curve. The celestial blue fill represents the results of
numerical simulation, and the dotted lines are calculated by analytic Formulas (15)–(18) obtained for the
depth jump case. The blue dotted line corresponds to forced waves and the purple one corresponds to
free waves. Calculations were performed for Λ = 468 km, U = 312 m/s, and pa = 200 Pa.
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