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On the stability of heterogeneous shear flows

By JOHN W. MILES

Department of Engineering and Institute of Geophysics, University of California,
Los Angeles

(Received 30 August 1960 and in revised form 21 November 1960)

Small perturbations of a parallel shear flow U(y) in an invisecid, incompressible
fluid of variable density py(y) are considered. It is deduced that dynamic in-
stability of statically stable flows (py(y) < 0) cannot be other than exponential,
in consequence of which it suffices to consider spatially periodie, travelling waves.
The general solution of the resulting differential equation is considered in some
detail, with special emphasis on the Reynolds stress that transfers energy from
the mean flow to the travelling wave. It is proved (as originally conjectured by
G. I. Taylor) that sufficient conditions for stability are U’(y) + 0 and J(y) > }
throughout the flow, where J(y) = —gpg(¥)/po(y)U'*(y) is the local Richardson
number. It also is pointed out that the kinetic energy of a normal mode in an ideal
fluid may be infinite if 0 < J(y,) < }, where U(y,) is the wave speed.

1. Introduction

We shall consider here the stability of a heterogeneous (or stratified) shear
flow—namely a parallel shear flow U(y) in an inviscid, non-heat-conducting,
incompressible fluid of density py(y). The principal measure of stability, in so far
as the buoyancy effects of the density gradient override its inertial effects, is the

Richardson number T(y) = Po(dUdy)-2, (L1)
where Bly) = —ddylog poy) = —po(y)/pe(y) (1.2)

is a measure of the static stability of the density stratification (§ < 0 implies
static instability). The inertial effects of density gradient are measured by £,
where [ is a characteristic length; neglecting these effects, as in meteorological
and oeeanographic problems, implies |f|! < 1.

Analytical studies of heterogeneous shear flow, although finding antecedents
in the work of Kelvin and Rayleigh on hydrodynamic stability, may be dated
from G. I, Taylor’s Adams Prize essay of 1915, which was published concurrently
with a closely related investigation by Goldstein (1931). These two papers,
dealing primarily with specific flow configurations (see below), were followed
closely by Synge’s (1933) study of the general boundary-value problem. This
important paper appears to have escaped the notice of many later workers,t
who have rediscovered several of Synge’s results. Subsequent work has been
largely in the hands of meteorologists (often in difficult-to-obtain sources),

t Including the present writer, who is indebted to Dr Drazin for bringing Synge’s work
to his attention.
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with special reference to the problems of atmospheric stability and mountain-
lee-wave formation (see Halmboe (1957) for a survey of the latter problem).

The primary goal of the present investigation is a proof that U’(y) + 0 and
J(y) > } are sufficient conditions for the stability of a heterogeneous shear low
(Theorem X in §5), as originally conjectured by Taylor (1915/31). We shall
follow the usual, normal-mode approach on the ground that dynamie instability
of a statically stable (§ > 0) shear flow of an ideal fluid cannot be other than
exponential. This is not to say that the normal-mode approach is completely
adequate for an ideal fluid, however, and we shall call attention to the striking
fact, apparently overlooked by previous workers, that the energies of those
modes that are comprised by the neutral-stability boundary may be infinite,
We also remark that none of the existing investigations of continuous shear
and density profiles has proved that unstable modes exist and are contiguous to
the loci of neutral modes that are asserted to form the stability boundaries. Such
a proof is much to be desired, especially in consequence of the aforementioned
possibility of infinite energy for the neutral modes. (The energy of an unstable
mode is found to be finite at any fixed time, although tending to infinity exponen-
tially in time.)

Throughout our investigation, we shall place special emphasis on the Reynolds
stress that transfers energy from the mean flow to the disturbance, following
closely the corresponding treatment of homogeneous shear flow (see Lin 1955
this reference will be denoted subsequently by L, followed by the appropriate
section or equation number). This is, in some instances, less direct than the
application of standard oscillation theorems to the boundary-value problem
(as in Synge’s paper), but it does throw additional light on the problem and may
point the way to further progress in the investigation of unstable modes.

Before proceeding with the mathematical development, we shall outline the
known results for a few, representative configurations, assuming ||l < 1 except
as noted.

Taylor (1931) considered a semi-infinite flow, above a horizontal wall, with
U’ and f constant. He concluded that only neutral waves could exist for J > }
and that no (harmonic) waves could exist for 0 < J < }. These results were
clarified and extended by Eliassen, Heiland & Riis (1953), who considered
flow between two parallel walls with U’ and g constant. They attacked the
initial-value problem and showed that a disturbance originating from arbitrary
initial conditions would behave asymptotically like #¢-1, y = (1—4J)}, for
—$ < J < } (and hence be unstable for J < 0) but would be exponentially un-
stable only for J < —$; for the semi-infinite case, this asymptotic behaviour
holds for —2 < J < }, with exponential instability for J < —2. Thhe“initial-
value problem for the semi-infinite case also has been solved by Case (1960). His
analysis is less general than that of Eliassen ef al. in considering only J > 0, but
more general in allowing for the inertial effects of density variation.

Goldstein (1931) considered an imbedded shear layer of thickness 24, with
both U’ and g constant in |y| < h and vanishing in |y| > . He concluded that
harmonic perturbations would be stable for J > % and unstable for all wave-
lengths for 0 < J < %.
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Drazin (1958a) has considered a more realistic model for an imbedded shear
layer, with U(y) = Ujhtanh (y/h) and S = const. He too concluded that har-
monic perturbations would be stable for J, = (8g/U;?) < %, but predicted insta-
bility only for a finite range of wavelengths for 0 < J;, < $. Drazin concluded
that his agreement with Goldstein on the value of the critical Richardson
number, namely J = }, was coincidental (that it is not coincidental follows from
Theorem X below, together with the fact that J(y) > J; in Drazin’s model).
Menkes (1959, 1960) has extended Drazin’s analysis by including the inertial
effects of density variation, which are found to be stabilizing. Helmboe (1960)
has modified Drazin’s model by letting § = f,sech? (y/#). Thisleads to the neutral
curve J, = a(l —a) in place of Drazin’s result J, = a?(1 —a?), where a = kh and
k is the wave-number.

Neither Drazin’s model nor Helmboe’s modification thereof yields instability
for o > 1, in striking disagreement with Goldstein’s result for 0 < J < }. It
seems clear that the discontinuities in U’ and f at ¥y = + h invalidate Goldstein’s
result for sufficiently small wavelengths (large «), but it is not clear why his model
should predict instability for very long wavelengths (small o). Indeed, we should
expect the result for sufficiently long wavelengths to resemble that for Kelvin—
Helmholtz instability of a vortex sheet. Assuming a small discontinuity
Ap, (<€ po) in density and a discontinuity AU in velocity, the latter model pre-
diets stability for (Lamb 1932, §232)

k < 29Apo/po(AU)?, (1.3)
_ Apy\ [ 2R \2
or a=Fkh<g (—2—}&;(-’) (—A—ﬁ) =J. (1.4)

Curiously enough, Goldstein did obtain (1.4), as « — 0, for the somewhat eruder
model having U’ constant in |y| < k and vanishing in |y| > & and density con-
stant except for equal discontinuities at ¥ = + % (in contrast to the continuous
density profile for the model described in the penultimate paragraph). Drazin’s
model predicts stability for @ < J} as @ — 0, but Helmboe’s modification leads to
(1.4). The anomalous character of Drazin’s result evidently must be charged to
the evanescence of his density profile as y — co.F

2. Equations of motion
The basic equations of motion for our model are the Euler equation

4+(q.-V)a= —p7Vp—gVy, (2.1)
the condition of incompressibility
pi+{q.V)p =0, (2.2)

and the equation of continuity
V.q =0, (2.3)

where q, p and p denote vector velocity, pressure and density. We shall consider

t Drazin (private communication) has pointed out that the limiting forms & ~ J% and
a ~ Jy, a = 0, for the neutral stability boundaries in his original model and Holmboe’s
modification thereof may be deduced from dimensional considerations.
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only small, two-dimensional disturbances, noting that three-dimensional dis-
turbances of the same wavelength generally are more stable (Yih 1955). Let

= (U+u,v), p=py—ps7, (244, b)

where v and v denote the z- and y-components of the perturbation velocity
and 7 denotes the vertical displacement of a particle from its initial position.¥
Introducing (2.4a, b) in (2.1)~(2.3) and neglecting terms of second order in u, »
and 7, we obtain the linearized equations

po(ll))t +U' ) = — (2 —Po)a> (2.5a)

Po(%;'*‘ﬂgﬂ) = — (D= Do)y (2.50)

%—Z =, (2.6)

and u,+v, =0, (2.7)
where % = gi+ U%,

[ is defined by (1.2), subseripts denote partial differentiation, and primes denote
differentiation with respect to y.

Taking the scalar product of (2.5a, b) with (u,v), substituting v from (2.6) in
the product fgvn, multiplying (2.7) by p — p,, adding the results, and integrating
over the domain under consideration, say (x,, z,)and (y,, y2), weobtaintheenergy-
transfer equation

f f [ = (u?+ 02 + fgn?) + U’uv] dzxdy
Ty [(Yg
- [*[*to-rou+to-pordsdy.  (29)
T vin
Denoting the z-integrals by a bar and assuming either that the disturbance is

periodic in z (in which case the bar may be interpreted as implying an average
over one wavelength) or that y and v vanish at x = + oo (in which case the bar

must be interpreted as implying integration from z = — oo to z = + o0), we may
reduce {2.8) to (cf. Reynolds 1895)
%(T+ V)=P+Q, (2.9)
1 (v -
where T = 3 f Polu?+ %) dy (2.10)
U

denotes the kinetic energy,
Ya —_—
V=191 Bpon*dy (2.11)

U

t Equation (2.4b) expresses the fact that a particle at the instantaneous elevation y
has the density corresponding to its original elevation y —#. An alternative, and in some
ways more fundamental, approach would be to introduce 7 as the displacement of a stream-
line in intrinsic co-ordinates prior to linearization (cf. Miles, 1959).

32-2
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the potential energy,

P =[~(p—p0o)v]}; (2-12)
the rate at which work is done on the perturbation flow by the external pressures
at the boundaries y, and y,, and

Ya
Q= f TU'dy (2.13)

¥1
the rate at which energy is transferred from the mean flow to the perturbation
flow by the Reynolds stress T = — poiid. (2.14)

We shall restrict the subsequent development to spatially periodic normal
modes (see (3.1) below) for which f(y) > 0. We may regard such motions, in so
far as they exist and are either neutrally stable or exponentially unstable, as
the dominant components of an asymptotie approximation to the solution of
appropriate initial-value problems provided that unstable motions growing
more slowly than an exponential cannot exist.t A straightforward extension of
the analyses of Eliassen ef al. (1953) and Case (1960) leads to the conclusion that:

I. The non-exponential growth of a small disturbance in a heterogeneous

shear flow cannot be more rapid than ##¢n—b, where v,, is the maximum
value of [1—4J(y)].

It follows that:
II. Dynamicinstability of a statically stable, heterogeneous shear flow cannot
be other than exponential.

We emphasize, however, that statically unstable flows (8 < 0 in any finite
y-interval) may, and generally will, exhibit dynamic instabilities of algebraic
growth, even though all spatially periodic wave motions are stable. This last
statement is amply illustrated by the results of Eliassen ef al. as described above.

3. Periodic motions
We now assume the spatially periodic wave motion

ﬂ(x: Y, t) = F(y) etkiz—l), (3.1)

where % is real, but ¢ may be complex. In accordance with the usual convention,
we imply that the imaginary part of the right-hand side of (3.1) is to be discarded
in the final reckoning; alternatively, we may regard F(y;k,kc) as a double
Fourier transform with respect to = and ¢, the corresponding spectral variables
being &k and kc. Substituting (3.1) in (2.5)—(2.7), we obtain

U = —[(U_c)')?]” V= @k(U—C) N P—Po= pO(U—C)zﬂ', (3.20, b, c)
and [po(T =0 F'Y +polfg — XU — ') F = 0. (3.3)

The differential equation (3.3) is especially convenient in the study of non-
singular oscillations, but we may proceed more directly to the structure of the

1 The importance of aperiodic motions in hydrodynamic stability was recognized and
developed by Orr (1907), who solved the initial-value problem for small disturbances of an
inviscid, plane Couette flow.
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general solution by eliminating the first derivative of the dependent variable
through the transformation

X(y) = Pi)[U) — ] Fly). (3.4)

Substituting (3.4) in (3.3), we may place the resulting differential equation in the

standard form X"(y) +h(y) X(y) = 0, (3.5)

where k= fg(U—o)2—psHpoU"Y (U —c) ' — (k2 + 52— 4. (3.6)
We note that the stream function is given by

Y@, y,t) = piy) X(y) e, (3.7)

and that X (y)e*=—) may be regarded as a stream function if the inertial effects
of density variation are neglected, in which case (3.5) reduces to (the usual
meteorological approximation)

X"(y)+[Pg(U—c) 2~ U"(U—0) " —k*] X = 0. (3.8)

Following Synge (1933), we also may reduce the differential equation for the
stream function to standard form through the transformation

v dy
= TN 3.9
i fo Po(¥) (3.9)
under which (3.5) goes over to
@y L By (P U'Y 2l 1
«722‘+p°[(U—c)2_po(U—c)"k ¥ =0. (3.10)
The point ¥ = ¥,, defined by
Uly,)=c, U,=U'ly,)*0, (3.11a,b)

and designated as the critical layer for the shear flow, is a regular singularity for
each of the foregoing differential equations.t The exponents of this singularity

are (1 +»), where y =ip = (1—4J)3, (3.12)

and J, is the Richardson number of (1.1) evaluated at y = y,. Assuming that
v is not an integer, and that U(y) and py(y) may be continued analytically into
the complex neighbourhood of y = y,, we may apply the method of Frobenius
to obtain two, linearly independent solutions to (3.5) in the form

X. () = @~y )= w,(y), (3.13)
where w__ are analytic functions of y in the neighbourhood of y = y, having the
form ”

(P U'Y Jpo] Y —9.)
w =1+[1+J Moo ) _thoy MTId, 3.14
* ( ) U Pole 1V ( )

1+ The assumption U, + 0 implies a simple zero of U—c at y = y,. The singularity
would be irregular if U, = 0. We shall not consider this possibility, but it clearly may be
of considerable importance for jet-type flows. Indeed, Drazin & Howard (personal com-
munication) have found that the most important long-wave instabilities for jet-type shear
flows are those for which ¢ = U,,,, so that U; = 0.
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The Wronskian of these solutions is
WX, X}=XX -X,X_=-» (3.15)

The solution X_ degenerates if v is an integer and, except under very special
conditions (see below), must be modified to include a component proportional
to X, (y) log (y—y,). The only statically stable flow in this category is that for
which J, = 0 (v = 1), and the solutions then are essentially similar to those for
homogeneous shear flow. We shall not consider them in any detail here, but we
remark that the logarithmic component is proportional to the discontinuity in
Reymolds stress at y = y,, as calculated in (5.13) and (5.14) below. The singularity
at y = y, is only apparent if this discontinuity vanishes, and both solutions to
the differential equation then are regular.

We may regard the singularity at y = y, as a consequence of either (a) our
assumption of the periodic wave motion of (3.1), or (&) our neglect of diffusion
effects; the branch cut at y = y, can be determined only after either (a) posing
an initial-value problem and then determining its asymptotic solution as f — <o,
or (b) introducing the dominant diffusion effects and then determining the asymp-
totic solution as the diffusion parameters tend to zero.t The former approach
(cf. Eliassen ef al. 1953 and Case 1960) implies that the path of integration for
the inverse transform in the Zc spectral plane must pass above (k¢; > 0) the branch
point at k¢ = kU (y) and hence that

(U—¢)=(c-U)et, kZO0. (3.16)

The latter approach usually has been adopted in considering the stability of
homogeneous shear flow (see L 3.4, 3.6, 8.3-8.9), but in the present instance it is
necessary to introduce both viscosity and heat conduction to resolve the question.
The linearized equations of motion then constitute a system of the sixth order
(cf. L 5.2 and 5.3, adding the buoyanecy force (p — p,) g to the y-component of the
perturbation pressure gradient in 1.5.2.2 and L(5.3.9)). We shall not present
these equations here, but we remark that a boundary-layer analysis in the neigh-
bourhood of y = y, leads to the conclusion that the order of magnitude of the
actual thickness of the critical layer is given by (cf. L. 8.8)

& = Ol(ufkpo U (c[pR)] (3.17a)
= O[RePr—¥(1 —y-1)-4], (3.17d)

where x denotes the viscosity, « the heat conductivity, R the universal gas con-
stant, Re a Reynolds number based on wavelength, Pr the Prandtl number, and
v the specific heat ratio.

Much of the discussion of the next two sections will be concerned with neutral
wave motions, for which ¢; = 0. We designate such motions as singular or non-
singular as y, does or does not lie in the open interval (y,, ¥,). In the former case

1 We also might regard the singularity at ¥ = y, as a consequence of linearization, but
it is by no means clear that the behaviour of the linear solution in the neighbourhood of
y = ¥, could be resolved by a consideration of the non-linear, inviscid periodic flow.
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we imply that the limit kc; = 0 must be approached through positive values, and
(3.16) implies the transition relations (note that w* = w_ for J, > } and y real)

XE(y) = Xo(y)emeenso (], <}, (3.180)

and X%(y) = Xz(y)erttnsu-w (], > }), (3.180)
where the asterisk denotes the complex conjugate and

§=0, y>y, (3.19a)

=11, kU,20 (y<y,). (3.19b)

We emphasize that (3.194, b) are valid only for real y.

We conclude this discussion by remarking that the singularity in X_ at
y = y,for 0 < J, < } (but not for J, = 0) renders both the kinetic and the potential
energies of (2.10) and (2.11) infinite for singular neutral modes. A specific
example is provided by Drazin’s results for singular neutral modes in the range
4 < a? < 1, where his solution is essentially X_; for 0 < &2 < }, on the other
hand, his solution is X, and the energy is bounded. We observe that these
infinite energies are a consequence of our too-idealized model and could be
removed by including diffusion effects. It also seems likely that these modes
would contribute only a finite amount of energy to the solution of an initial-value
problem for an ideal fluid provided that the Fourier transform of the initial
disturbance were continuous in k.

4. The eigenvalue problem

We shall consider the eigenvalue problem presented by the assumption of the
spatially periodic wave motion (3.1) subject to the boundary conditions

T=7n=0 or F,=F=0, (4.1a,b)

where the subscripts 1 and 2 imply evaluation at y = y; and y = y,. Many of
the subsequent results held for more general boundary conditions, but those of
(4.1) hold for the most important cases of horizontal walls at finite values of
¥, or y, and/or null conditions at infinity.

Let ! be a characteristic length, ¢, a characteristic velocity, and §, a character-
istic measure of f# (we need not introduce an explicit scale for the density p, in
virtue of the invariance of the eigenvalue problem with respect to changes in
this scale). We then may pose the secular equation for our eigenvalue problem

in the form Afefeqs o, 2, 0) = 0, (4.2)
where a=Fkl, A= fegl?ci=dJ,, o=/p1 (4.3a,b,¢)

are dimensionless, real parameters but ¢ = ¢, +c;, may be complex. We may
assume a > 0 without loss of generality. We define a neutral surface as a locus
of eigenvalues for which ¢, = 0 in a (c,, %, A, )-space. Such a surface will be
a stability boundary if and only if there exist contiguous eigenvalues for which
¢; > 0 (unstable wave motions).

We shall assume that U(y) and py(y) are regular functions of y in (y;,ys),
that these functions may be continued analytically into a neighbourhood of
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(y1, ¥2) that includes the singular point y = y,, and that neither U’(y) nor £(y)
vanishes in this neighbourhood; on the other hand, we do not exclude the end-
points ¥, and y, as possible singularities of the differential equation. These
restrictions, especially the requirements U’ % 0 and S + 0, exclude interesting
problems (although several of the following theorems, e.g. ¥V, obviously can be
proved under weaker restrictions), but they guarantee that ¢; is a continuous
function of the remaining parameters, and hence that the trajectory of a complex
eigenvalue must terminate on a stability boundary.
We first remark that

Fy ~ (U=0) X, ~ (=9 312 (y > y,), (4.4)
in consequence of which the boundary conditions (4.15) imply that:

III. The phase velocity ¢ cannot be equal to U, or U,.

We observe that this result could not have been inferred from the weaker
boundary conditions v, = v, =0, since v~ (U—c)F ~ (y—y,) 3+, This
paradox is a consequence of linearization, since the approximation v = k(U —c¢) g
is not uniformly valid in the neighbourhood of U = ¢. If py(y, ,) + 0, we may
regard the boundary condition 7, , = 0 as a direct consequence of the physical
requirement that a particle at y = ¥, , cannot have a density corresponding to
an initial position in y Sy, , (of. (2.4d)); but if py(y, ,) = 0 the corresponding
boundary condition, and hence III, becomes ambiguous as ¢ — U, ,.

Now let us suppose that ¢; > 0, so that U(y) + ¢ in (y;,¥,) and F(y) is regular
there. Then, multiplying both sides of (3.3) by the complex conjugate F'*,
integrating between y; and y,, integrating [py(U —c)2 F']’ F* by parts, and in-
voking the boundary conditions (4.15), we obtain (cf. L. 8.2)

Ya Y2
g f poBIF|2dy = [ po(U — o (1P| + k2| F|2) dy. (4.5)
v 1

Equating the real parts of (4.5), we infer that:

IV. Non-singular neutral modes cannot exist if #(y) < 0 in (¥, ¥,).
Taking the imaginary part of (4.5), we obtain

cif“(U——c,)(]F’|2+k2lF|2)dy =0, (4.6)

from which we infer that:

V. The phase velocity ¢, for unstable modes (c; > 0) must lie between the
maximum and minimum values of U(y) in [y, ¥,]. This implies
U<e<U, if U+0 in (y,¥)-

We emphasize that this last result is valid for any finite, positive value of ¢;.
If ¢, — Ot it also may be inferred from VII below, subject to the restriction that
p and (poU’)’ do not vanish simultaneously. This more restricted form of V was
proved originally by Synge (1933) and, independently, by Yih (1957). Drazin
(19580) proved V as stated above after neglecting the inertial effects of the density
gradient.
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A direct corollary of I1I and V, together with the restrictions guaranteeing the
continuity of ¢, is:

VI. A stability boundary consists of singular neutral modes—i.e. modes for

which ¢; = 0 and U(y) = ¢, in (y,, ¥,).

We remark that the converse of VI is not necessarily true, for we have not demon-
strated that unstable modes are contiguous to all singular neutral modes. We
also remark that if IIT were not applicable (as it would not be for homogeneous
shear flow), we would have to admit ¢ = U] and ¢ = U, as possible end-points for
the trajectories of complex eigenvalues and replace (y;, ¥») by [¥;, ¥} in VL.

5. The Reynolds stress

We may deduce further important results for periodic motions in general,
and for the eigenvalue problem of the preceding section in particular, from a
consideration of the Reynolds stress defined by (2.14). Expressing « and v in
terms of X with the aid of (3.1), (3.2a, b) and (3.4), and substituting the results
in (2.14), we obtain (for real y)

7 = Jh(X'X*), e2keif, (5.1)

where the subscript ¢ implies the imaginary part. Differentiating (5.1) with
respect to y and substituting X” from (3.5), we obtain

or

i (X" X*), ePkeit (5.2a)
= — }kh; | X |2e2keit (5.2b)
= —kh,pyv2. (5.2¢)

Referring to (3.6), we obtain
_ . [29U—c,) (PoU')']
SRR i L .3)

The boundary conditions (4.1) imply
7, =179 = 0. (5.4)

First, let us suppose that ¢; + 0; then, since or/dy cannot vanish identically, the
Reynolds stress must have an extremum and s, must change sign in (y,¥,).
This result, which constitutes the extension to heterogeneous shear flows of
Rayleigh’s theorem on the necessity of a flex (U” = 0) for an unstable mode in a
homogeneocus shear flow, also follows from the well-known oscillation theorem
{(Ince 1944, ch. xx1) for the differential equation (3.5) subject to the boundary
conditions (5.4). It was proved originally by Synge (1933) and, independently,
by Yih (1957) and Drazin (19585). Synge used it to prove that complex values of
¢ must lie on one of the family of circles (with y as the family parameter)

Py (poU")' (e, — U+ i1+ 2fg(c,— U) = 0, (5.5)
provided that (p, U’)’ and # do not vanish simultaneously, and hence that
le;] < max.|Bgpo/(po U")'|- (5.6)

This result also was given by Yih (1957) except for an erroneous factor of 2.



506 John W. Miles

Synge also proved that complex values of ¢ must be confined to the interiors of
the looped curves

N —2
jm? [po ' po"ld?!] [(e,— UP+ e —pg(po U"Y (e,~ U) [, — UNP +63]
v ~pBgllc,—UP—cf] =0, (5.7)

which overlap with the circlesof (5.5) in a region that cuts thereal axisate, = Uy,
and ¢, = Up,,;. This region excludes ¢, = Uy, and includes ¢, = U, for
¢; > 0, so that Synge’s results confine the minimum value of ¢, more severely
and its maximum value less severely than V above.

We shall restrict the subsequent discussion of this section to neutral wave
motions (¢; = 0).T The condition ¢; = 0 implies, through (5.2) and (5.3), that the
Reynolds stress 7 must be constant except for possible discontinuities at y = y,.
No such discontinuities can exist for a non-singular motion, in which case (5.4)
implies 7= 0. Only one such discontinuity is possible if U(y) is monotonic in
(¥1,¥2), and a necessary condition for a singular neutral mode subject to (5.4) is
that this discontinuity vanish to yield 7 = 0. We conclude that:

VII. The Reynolds stress for any neutral oscillation vanishes identically for
monotonic U(y) if J, > 0.

More than one critical layer may exist if U(y) is not monotonic, however, and
then the discontinuities in 7 may cancel to satisfy (5.4).

We may calculate rather simple expressions for the Reynolds stress for neutral
wave motions by posing a general solution to (3.5) in the form

X(y) = AX (y)+ BX_(y)- (5.8)
Substituting (5.8) in (5.1) and setting ¢; = 0+, we obtain
T = 3(|4|2X  X* +|B]2X_ X* + AB*X' X* + A*BX% X' ),. (5.9)

Invoking (3.13) and (3.18a, b), we find that the first two terms in parentheses
are real for J, < } (v real), whereas the last two terms are complex conjugates for
J, > } (v = tu imaginary). In the former case, we have

X\ X* = (X! X_)*ein@s (5.10a)
= (v + X X )ke-tnl s (5.10b)
= pe~ (IS X X'* (5.10¢)

with the aid of (3.18a) and (3.15), and we may reduce (5.9) to
T = ev{AB¥*e IS w—va},  (J, < §). (5.11)
Similarly, we obtain
7 = thu{|Aj2enc+nSw—v) _ | B[2en-w 8w} (], > }). (5.12)

If J, = 0, we must distinguish between p,, = 0 (heterogeneous flow with an ex-
tremum in the density) and g = 0 (heterogeneous flow with negligible buoyancy

1 A necessary condition for any neutral motion is, from (2.9), P+Q = 0. Calculating
P through (3.1) (3.2b, ¢), (3.4) and (2.12), we may express this condition in the form
Q= —P =1U;—1,U; —c(1,—1,). Thisreduces to P = @ = 0 under the boundary con-
ditions (5.4).
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force). In the former case we may approximate £ by — (pg/pe U’),(U —¢) and inte-
grate (5.2¢) between y,— and y,+ to obtain (cf. L. 4.3)

” _2
) =rr=) = (o + 58 1| -0 1)
[
whereas in the latter case B
1AY4 vz
)= 0e=) = G| oD 35| 0= 0) (5.14)

The results (5.11) to (5.14) hold for any neutral wave motion, independently
of the boundary conditions at y, and y,. We shall proceed further on the assump-
tion that U(y) is monotonie (U’ #+ 0) in (¥,, ¥,), 8o that only a single critical layer
can exist and (5.8) to (5.12) remain valid throughout (y,, ¥,) for fixed 4 and B.
Imposing the boundary conditions (5.4) on (5.11), we then obtain (4B*), = 0
and AB*sin (nv) = 0, which imply either 4 = 0 or B = 0 (since v cannot be an
integer), whence:

VIII. A singular neutral mode X for which 0 < J, < } must be simply pro-
portional to either X or X _.

This theorem, which is illustrated by Drazin’s (1958) results, is important in
connexion with our previous observation that the modal energy associated with
X_isinfiniteif 0 < J, < }.

Imposing (5.4) on (5.12), we obtain 4 = B = 0, whence:

IX. Singular neutral modes cannot exist for monotonic Ul(y) if J(y) > } in
(Y1, Y2)-

This result was stated by Synge (1933), who asserted that it follows direetly from
the fact that neither X nor X_ can be real. This argument appears to overlook
the fact that X, as given by (5.8), isreal if B = 4*, in consequence of which IX can
follow only after the invocation of appropriate boundary conditions.t We have

not, of course, ruled out non-singular neutral modes for J(y) > } in (¥, ¥,).
Now let us consider the possibility of unstable modes for J(y) > } in (¥, ¥,)-
We can approach this question by considering the asymptotic behaviour of c as a
function of the parameter A (see (4.2) and (4.3)), say ¢(A). We assume that J(y) is
positive definite and of prescribed functional form, but that A may be varied.
(It is perhaps simplest, conceptually, to imagine £(y) and U’(y) to be prescribed
and g varied, but we also may prescribe f(y)/8, and U’(y)!/c, and vary any or all
of B, ¢4, land g.) Let A, be the minimum value of A for which J(y) > }in (¥4, v,)-
Then, from IX, ¢(A) must either be definitely complex (|c,| > 0) or non-singular
(real and not in [0, (]) for A > A,. Applying Liouville’s method to (3.5), we

obtain the asymptotic solutions
X~ (poytU—opesp | £i [ (b U-02dy| A>c0). (519)
U

Invoking the boundary conditions X, = X, = 0, we obtain
3
sin l:fy2 (ﬂg) dy] =0 (A - w); (516)

w U—c

1t Prof. Synge (private communication) agrees with this statement.
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as the asymptotic form of the secular equation. Assuming U’ + 0in (y,,¥y,), we
see that (5.16) can be satisfied only if ¢ is real and not in [T, U};], corresponding to
a non-singular neutral mode. It follows that ¢;(A) = 0 for A > A, and hence that:

X. Sufficient conditions for the stability of a heterogeneous shear flow are
U'(y) + 0and J(y) > ;in (¥, ¥,).

6. Concluding remarks

The most important questions left unresolved by the preceding analysis appear
to concern (@) the conditions under which a locus of singular neutral modes
constitutes a true stability boundary, and (b) the significance of singular neutral
modes having infinite energies. It appears unlikely that () could be resolved
satisfactorily without first resolving (b).

It also would be desirable to give further consideration to non-montonic
velocity distributions, but this would appear to raise some difficult mathematical
questions.

I am indebted to my colleague Jérgen Holmboe for several stimulating discus-
sions of the problems considered here and to P. G. Drazin for helpful criticism

and for bringing my attention to Synge’s work.
This work was supported by the United States Atomic Energy Commission
under Contract AT (11-1)-34, Project 34.
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