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Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì áåñêîíå÷íûé ñëîé æèäêîñòè D ïåðåìåííîé ãëóáèíû

D = {0 ≥ z ≥ −D(x), x = (x1, x2) ∈ R2}, (1)

ò.å. äíî áàññåéíà îïðåäåëÿåòñÿ óðàâíåíèåì z = −D(x) (D(x) > 0).

Áóäåì èçó÷àòü ýâîëþöèþ ñâîáîäíîé ïîâåðõíîñòè, âûçâàííóþ
ìåíÿþùèìñÿ âî âðåìåíè ó÷àñòêîì äíà

z = −D(x) + D1(x, t), D1(x, t)� D(x). (2)

Ïðåäïîëàãàåì, ÷òî èñòî÷íèê ëîêàëèçîâàí è äåéñòâóåò â òå÷åíèå
íåáîëüøîãî ïðîìåæóòêà âðåìåíè

D1 = f

(
x− ξ(t)

l
, t

)
, (3)

ãäå ξ(t) � ãëàäêàÿ âåêòîð-ôóíêöèÿ, êîòîðàÿ îïðåäåëÿåò òðàåêòîðèþ
âîçìóùåíèÿ, l � ðàçìåð îáëàñòè ëîêàëèçàöèè.
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Ïñåâäîäèôôåðåíöèàëüíîå óðàâíåíèå

Çàäà÷à ñâîäèòñÿ ê ñëåäóþùåé çàäà÷å Êîøè äëÿ
ïñåâäîäèôôåðåíöèàëüíîãî óðàâíåíèÿ

∂2η

∂t2
+ L̂η = ∂2V

∂t2
, η|t=0 = 0,

∂η

∂t

∣∣∣∣
t=0

= 0, (4)

ãäå

L̂ = L
(
2
x,

1

p̂ +
3

p̂

2

)
, L = g|p| tanh(|p|D(x)), p̂ = −i∇ = −i

(
∂

∂x1
,
∂

∂x2

)
,

(5)
ôóíêöèÿ V(x, t) ñâÿçàíà ñ âîçìóùåíèåì D1 ñëåäóþùèì îáðàçîì

V = R̂D1, R̂ = R
(
2
x,

1

p̂ +
3

p̂

2

)
, R(x, p) = 1

cosh(D(x)|p|) . (6)

[.] S.Yu. Dobrokhotov, V.E. Nazaikinskii. "Waves on the free surface described by
linearized equations of hydrodynamics with localized right-hand sides." Rus. J.
Math. Phys., Vol. 25, No. 1, 2018, pp. 1-16.



Îäíîìåðíûé ñëó÷àé

D1 = γ(t)
b(t)e

− (x−ξ(t))2

2l2b2(t) , (7)

γ(t) � îáúåì îïîëçíÿ, ξ(t) � òðàåêòîðèÿ äâèæåíèÿ èñòî÷íèêà.
Èñòî÷íèê äâèæåòñÿ âðåìÿ t1.

Ðåçóëüòàò:

Îáðàçóåòñÿ äëèííàÿ âîëíà. Õàðàêòåðíàÿ äëèíà âîëíû
√
gDt1

Àñèìïòîòè÷åñêîå ðåøåíèå ïðè t > t1

η(x, t) ∼
∑
±

√
c0

c(X±(t))F
±
(

c0
c(X±(t)) (x−X±(t))

)
, (8)

F±(x) = ∂

∂τ

( √
πlγ(τ)

c + ẊD(τ)

)∣∣∣∣
τ=τ±(x,t1)

, XD(τ) = ξ(τ/t1),

X± � ðåøåíèå óðàâíåíèÿ ẋ =
√
gD(x) ñ íà÷àëüíûì óñëîâèåì

x±|t=t1 = ±c0t1, τ±(x, t1) = ct1±x
c
± 1

c
ξ
(
ct1±x
ct1

)
.



Äâóìåðíûé ñëó÷àé. Èñòî÷íèê

D1 = f

(
x− ξ(t)

l
, t

)
.

Èñòî÷íèê áóäåì ìîäåëèðîâàòü ôóíêöèåé

f = g
(
T(φ(t))y, t

)
, g(z, t) = γ(t)

b1(t)b2(t)
(
1 + z2

1

b2
1

(t) + z2
2

b2
2

(t)

)3/2 , (9)

γ(t) � ãëàäêàÿ ôóíêöèÿ, òàêàÿ ÷òî γ(t) = γ1 ïðè t < 0 è γ(t) = γ2
ïðè t > t1 (õàðàêòåðèçóåò îáúåì îïîëçíÿ)

b1(t), b2(t) � ãëàäêèå ôóíêöèè (â ñå÷åíèè ýëëèïñ ñ îñÿìè b1, b2)

T(φ(t)) � 2× 2 ìàòðèöà ïîâîðîòà íà óãîë φ(t) (óãîë ïîâîðîòà
ýëëèïñà)

ξ(t) � òðàåêòîðèÿ äâèæåíèÿ èñòî÷íèêà

ξ(t) = log
(
cosh

(
2t

t1

))
q
(
t

t1

)
èëè ξ(t) =

(
1 + tanh( 4t−2t1

t1
)
)

2
q
(
t

t1

)
,

ãäå q(τ) � âåêòîð, ëåæàùèé íà åäèíè÷íîé îêðóæíîñòè.



Ïðèíöèï Äþàìåëÿ

Ïîñêîëüêó âðåìÿ äåéñòâèÿ èñòî÷íèêà êîíå÷íîå, òî ïðè t > t1

η(x, t) = η1(x, t) + ∂

∂t
η2(x, t), (10)

ãäå η1,2 � ðåøåíèÿ çàäà÷

∂2η1,2
∂t2

+ L̂η1,2 = 0 (11)

ñ ñîîòâåòñòâåííî íà÷àëüíûìè óñëîâèÿìè

η1|t=0 = Re[W(x)], ∂η1
∂t

= 0 è η2|t=0 = 1

L̂
Im[W(x)]], ∂η2

∂t
= 0.

(12)

W(x) =
∫ t1

0

e−iL̂τ
∂V

∂τ
(x, τ)dτ = ∂

∂α

∫ t1

0

e−iL̂τV(x, τ + a)dτ
∣∣∣∣
α=0

, L̂ =
√
L̂.

(13)



Ýêâèâàëåíòíûé èñòî÷íèê

Ìû "ïîäíèìàåì" èñòî÷íèê íà ïîâåðõíîñòü. Ïðè ýòîì åãî
ïðèáëèæåííî ìîæíî çàìåíèòü íà ýêâèâàëåíòíûé. À èìåííî,

V = R̂D1, R̂ = 1

cosh(D(x)|p̂|) , D1 = f

(
x− ξ(t)

l
, t

)
⇒ (14)

Vap = f̃

(
x− ξ(t)

l
, t

)
, f̃ = γ(t)

b̃1b̃2

(
1 + z2

1

b̃1
2 + z2

2

b̃2
2

)3/2 , b̃i = bi + D0

2l

(15)



Ýòî ñâÿçàíî ñ òåì, ÷òî Ôóðüå-îáðàçû ýòèõ ôóíêöèé ñõîæè

V̂(% cosψ, % sinψ, t) =

γ(t) exp
(
− |%|

√
b21 cos

2(φ− ψ) + b22 sin
2(φ− ψ)

) 1

cosh(D%/l) , (16)

V̂ap(% cosψ, % sinψ, t) =

γ(t) exp
(
− |%|

√(
b1 + D

2l

)2

cos2(φ− ψ) +
(
b2 + D

2l

)2

sin2(φ− ψ)
)

(17)

Figure: Ñèíåé ñïëîøíîé ëèíèåé èçîáðàæåí Ôóðüå-îáðàç V̂, êðàñíûì
ïóíêòèðîì � Ôóðüå-îáðàç V̂ap â çàâèñèìîñòè îò % ïðè ôèêñèðîâàííîì
ψ.



Îòâåò ÷åðåç êàíîíè÷åñêèé îïåðàòîð

Îêîí÷àòåëüíî ïîëó÷àåì, ÷òî ðåøåíèå η ïðè t > t1 èìååò âèä

η(x, t) =
√
l

√
2π
·

· Re
(
e−

iπ
4

∫ ∞
0

K
l/%

Λt

√% ∂

∂α

∫ t1

0

e
i

√
g%
l
tanh

(
%D(x(r,ψ))

l

)
τ

Aap
1 (%, ψ, τ + α)dτ

∣∣∣∣∣∣
α=0

d%

)
,

(18)

ãäå

Aap
1 (%, ψ, t) = γ(t) exp

(
−i < β,

ξ(t)− ξ(t1/2)
l

>

)
· (19)

exp

(
−%

√
cos2(φ(t)− ψ)

(
b1(t) +

1

2

D0

l

)2
+ sin2(φ(t)− ψ)

(
b2(t) +

1

2

D0

l

)2)
,

(20)

a Λt ïîëó÷åíî ñäâèãîì

Λ0 = {p = p(ψ) = n(ψ), x = x(r, ψ) = ξ(t1/2) + rn(ψ)}
âäîëü òðàåêòîðèé ãàìèëüòîíîâîé ñèñòåìû ñ ãàìèëüòîíèàíîì

L =
√

g|p| tanh(D(x)|p|). (21)



Âîëíîâîå óðàâíåíèå

Àíàëèçèðóÿ àíàëèòè÷åñêîå âûðàæåíèå, à òàêæå îñíîâûâàÿñü íà
÷èñëåííîì ñðàâíåíèè, ïðåäïîëàãàåì, ÷òî ìîæíî ðàññìàòðèâàòü
âîëíîâîå óðàâíåíèå

∂2η

∂t2
−∇c2(x)∇η = ∂2V

∂t2
, η|t=0 = 0,

∂η

∂t

∣∣∣∣
t=0

= 0. (22)

Ñèíÿÿ ëèíèÿ � ïðîôèëü äëÿ âîëíîâîãî óðàâíåíèÿ, êðàñíàÿ � äëÿ
ïñåâäîäèôôåðåíöèàëüíîãî



Äëÿ âîëíîâîãî óðàâíåíèÿ ðåøåíèå ìîæíî óïðîñòèòü.
Â îêðåñòíîñòè íåîñîáîé òî÷êè ôðîíòà îíî ïðåäñòàâëÿåòñÿ â âèäå

η(x, t) =
√
l√
|Xψ|

√
c(ξ(t1/2))
c(X(ψ, t))Re

(
F

(
S(x, t)

l
, ψ

))∣∣∣∣∣
ψ=ψ(x,t)

, (23)

F(z, ψ) = 1√
2π

∫ ∞
0

√
%eiz%

∂

∂α

∫ t1

0

eiτ
c(x)%
l Aap

1 (%, ψ, τ + α)dτ
∣∣∣∣
α=0

d%,

(24)

S(x, t) =< P(ψ(x, t), t), y(x) >, y(x) � ðàññòîÿíèå äî ôðîíòà.
(25)

Ôðîíò îïðåäåëÿåòñÿ ôóíêöèÿìè X(ψ, t),P(ψ, t), êîòîðûå ÿâëÿþòñÿ
ðåøåíèÿìè ñèñòåìû Ãàìèëüòîíà ñ ãàìèëüòîíèàíîì

H = c(x)|p| (26)

è íà÷àëüíûìè óñëîâèÿìè

x|t=0 = ξ(t1/2), p|t=0 = n(ψ). (27)



Ïîñêîëüêó äåéñòâèå èñòî÷íèêà ìàëî, òî ïðè t < t1 ìîæíî
ðàññìîòðåòü âîëíîâîå óðàâíåíèå ñ "çàìîðîæåííîé" ñêîðîñòüþ
c(x) = c0 = c(ξ(t1/2)). Â ýòîì ñëó÷àå óïðîùàåòñÿ âèä ôóíêöèè
ïðîôèëÿ

F(z, ψ) = 1

2
√
2

γ(τ)
(
√
Bap(τ, ψ)− ic0τ

l
− iz− i

l
< n(ψ), ξ(t1/2)− ξ(τ) >)3/2

∣∣∣∣∣
τ=t1

τ=0

−

− 3i

4l
√
2

∫ t1

0

c0γ(τ)dτ
(
√
Bap(τ, ψ)− ic0τ

l
− iz− i

l
< n(ψ), ξ(t1/2)− ξ(τ) >)5/2

,

(28)

Bap(τ, ψ) = cos2(φ(τ)− ψ)
(
b1(τ) + 1

2

D0

l

)2
+ sin2(φ(τ)− ψ)

(
b2(τ) + 1

2

D0

l

)2
.

(29)



ôóíêöèÿ γ(t) = 1− cos
(
2πt
t1

)
�

îáúåì îïîëçíÿ

ôóíêöèÿ ξ(t) = log
(
cosh 5t

t1

)
�

òðàåêòîðèÿ äâèæåíèÿ



Ñèíÿÿ ëèíèÿ � ÷èñëåííîå ðåøåíèå äëÿ âîëíîâîãî óðàâíåíèÿ, êðàñíûé
ïóíêòèð � àñèìïòîòèêà â ñëó÷àå b1 = b2 = 1, φ = 0, ψ = 0, l = 0.08



Ïîðøíåâàÿ ìîäåëü

Âîïðîñ: Ìîæíî ëè è ïðè êàêèõ óñëîâèÿõ çàìåíèòü èñõîäíóþ
ìîäåëü íà ïîðøíåâóþ ìîäåëü ñ ýêâèâàëåíòíûì èñòî÷íèêîì?



Ñïàñèáî çà âíèìàíèå!


